College of the Canyons Name: S@ \ Df \ O‘I\S

A. Morrow Math 214 Exam 3 — Chapters 7-8 Spring 2008

This exam is closed book. Answer the following questions NEATLY. Show all necessary work
directly on the quiz. Answers without supporting work shown will receive no credit. (Unless
otherwise marked: 3 pts each definition, 6 each calculation, 9 each proof)
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a) Find the characteristic equation for A: (r)\," Q\JQJ (?ﬁ— Lk\"—" O

b) Find the eigenvalues of A.

Eigenvalues: Q / Lf

c¢) Find a basis for the eigenspace corresponding to each eigenvalue.
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3 0 -1
1 CONTINUED) Let A={0 2 0.
-1 0 3
d) IsAinvertible? (Yes/No): \/ €S Why or why not? Explain using eigenvalues. (3 pts)

A=O0 Not an €t%9v\\rq\ui>,

D _
e) Find the eigenvalues of As3: & - 8 % LF) z (Oq (2 points)

f) Find a matrix P that orthogonally diagonalizes A.
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g) Find the diagonal form of A corresponding to the matrix P that you found. (3 points)

. . © O
D-C AP Diagonal Form: &
S ~ e 1o g o

QO 4

h) Find Ar by writing out the appropriate matrix multiplication. Do not simplify fully.
Complete answers will not have matrix exponentiation (including inverses).
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2) Precisely define eigenvalue and eigenvector of a nxn matrix. (6 points)
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3) Complete the theorem statement. If A is an nxn matrix, then the following are equivalent
a) Ais diagonalizable.

A e N \c\eow\u indepenAenk CABRANRCYOLS -

4) Prove: If A is an eigenvalue of A, x is a corresponding eigenvector, and s is a scalar then (A - s)
is an eigenvalue of A — sl.

Given: _ XA (S QN Q"\l(lQ of A A ig (DXC. P-\ Pf‘lO( 56@
Prove: _ A~ S \s an e \/\Ql Ol: A 3£

Proof:
(A-2T)R - AY — %?’
= AX - SX
= (A—2)x




5) Complete the definition: If T: V— W is a function from a vector space V into a vector space W,
then T is a linear transformation from V to W if, for all vectors v, u € V and all scalars c,

a) /r(—a'\:{/) T(\m“" T(V) and (2 points)
I ( QLL 3 C/T( [I) (2 points)

) X, X, +2X,
6) Given T:R2 - R2, T = .
X3 — X3

a) Provethat T is a linear transformation.
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6 CONTINUED) Given T:R2 — R2, TH D [X1+ xz}
X, - X,

b) Find a basis for R2 relative to which the matrix for T is diagonal.

ler B ohA. bOSs.
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= 413,01

(2 points)

c) Find the eigenvalues T:
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7) Complete the statement of the Dimension Theorem for Linear Transformations: If T:V —> Wisa
linear transformation from an n-dimensional vector space V to a vector space W, then

rank (1) ool - 0

8) Complete the definitions. If T : V— W is a linear transformation, then the
a) Kernelof Tis b) Rangeof T is

eV T0)-8) 1T@ e i

9) Prove ker(T) is a subspace of the domain of a linear transformation T.

Given: /\ L \I 7 \O \\\\Q[\r

prove: _ KR () SO0mpace & V

Proof:
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10)Prove if T: U — V is a one-to-one linear transformation and {u,, ..., un} is linearly independent
in U, then {T(u,), ..., T(uy)} is linearly independent in V.

Given: T‘ruf)\/ \ -\ \\ﬁeaP 5 %\}\\\\n \U\n\' L‘I:

Prove: gﬂ\)\\\ y -ty _(Ult\\]( L’x

Proof:
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11) Let T: P. —» P, by T(a + bx'+ cx2) = ¢ + CX.
a) Find matrix for T with respect to the bases B = {1, x, x2} and B' = {1 + x, x}.
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12)Let T: P, — P, by T(a + bx + cx2) = ¢ + cx.
a) Find a basis for ker(T)

O=Cc+cx
- C=0.

= Ker (1) = SLOL*’bX}

Basis: % \ . ’)(,}

b) Find a basis for R(T)

R(T)= %(C,—\' szg
= L (woh

¢) rank(T) = (1 point) d) nu]lity(T) = ‘;L (1 point)

13) Find an isomorphism between the vector space of all 3x3 diagonal matrices and R3. (3 points)
Note: You do not need to prove that it is an isomorphism.
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14) Determine whether the given linear transformations are one-to-one, onto, and/or bijective.
Explain your choices.

a) T:R3— R3, T(x,y,2) =(z,0,Y)

Circle all that apply: )(1 oyﬁo BIJ%)(TIVE NONE |
Why? .

Ker (M=) (x0,00} 1

+ 3{5& 'l Ak (1) - \=
= oL | -\ \ F3
=>not OO

b) T:R3 - Rz, T(x,y,2) = (z,y)

Circle all that apply: \5{ . BIJEIVE N(Xh:.
Why?

Kex (1) J(x,0,00% | KT+ 31~ 2

* ’151 |
=5 Ot
=0t |- | =7OMo
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c) T:R2—-»R3, T(x,y) =(x,0,y) \

‘(/:\ir{lcls all that apply: @ o}zéo BIJ}<TIVE N%E
y Ker ()= (0,03} \ COnk ()= 9-0-2,
=2 |~ ( 270
| 3
| =2 ot OO
d) T: P, —» P, T(a+bx)=(a+Db)+bx

Circle all that apply: ’ . é t ‘
Why?

Kee (T)= Y 0% " SNk (T) = 2-0-2

= 1 => QMO
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Bonus: Worth 3 extra points for a correct answer. No partial credit. Write your answer on the
back of this sheet.
15) Prove that eigenvalues are similarity invariant.




M: A’-‘P“&‘P ) r) \ S A} Q’VO& DQ A
Pove! 2 iz on e-val of B
Hoof

lox W40 e on A0L(Weck G A
COTRepONA N T )

o AX AR

-

=> PpPY =AY
= BPY = PaX

=> B(PY) = (Piﬂ

D0e. P g \f\\;@hb\z and Y¥+6 yPX 0,
SN is AN moenvolug ofF B




